This gridworld MDP operates like to the one we saw in class. The states are grid squares,
identified by their row and column nmunber (row first). The agent always starts in state (1,1),
marked with the letter S. There are two terminal goal states, (2.3) with reward +5 and (1.3)
with reward -5. Rewards are () in non-terminal states. (The reward for a state is received
as the agent moves into the state.) The transition function is such that the intended agent
movement (North, South, West, or East) happens with probability .8. With probability .1
each, the agent ends up in one of the states perpendicular to the intended direction. If a
collision with a wall happens, the agent stays in the same state.

(a) (b)
Figure 1: (a) Gridworld MDP. (b) Transition function.

1. Draw the optimal policy for this grid? (5 points)

S = (L1) 1 (1.2) | (1.3) | (21) | (22) | (23)
7 (S)=1| Up | Left | NA | Right | Right | NA

2. Suppose the agent knows the transition probabilities. Give the first two rounds of value
iteration updates for each state, with a discount of 0.9. (Assume 1V}, is 0 everywhere
and compute V; for times ¢ = 1,2). (8 points)

Apply the Bellman backups V. i(s) = max, (Y. T(s, a, &) (R(s,a.s") +~Vi(¢))) twice.
I will show the computations for the max actions. Most of the terms will be zero,
which are omitted here for compactness.

S= (LY (1.2) (1.3) 2.1) (2.2) 2.3)
W(S) =] 0 0 0 0 0 0
m[ﬂ 0 0 0 0 0.8x50=40 0

0.9=x0.8=x4 . _

5(8) = 1] 101% —5—92.38 1] 0.8 x0.0x40=288 | 0L.8x50=4.0 1]




3.

Suppose the agent does not know the transition probabilities. What does it need to
be able do (or have available) in order to learn the optimal policy? (5 points)

The agent must be able to explore the world by taking actions and observing the effects.

The agent starts with the policy that always chooses to go right, and executes the
following three trials: 1) (1,1)-(1.2)-(1.3). 2) (1.1)-(1.2)-(2.,2)(2,3), and 3) (1,1)-
(2,1)-(2,2)-(2.3). What are the monte carlo (direct utility) estimates for states (1,1)
and (2,2), given these traces? (5 points)

To compute the estimates, average the rewards received in the trajectories that went
through the indicates states.

V((L1)) =(=5+5+5)/3=>5/3 = 1.666

V((2,2)) =(5+5)/2=5

Using a learning rate of .1 and assuming initial values of (), what updates does the

TD-learning agent make after trials 1 and 2, above? (5 points)

The general TD-learning update is (the other form from lecture is also acceptable):
V(s) =V(s) +alr++4V(s)— V(s))

After trial 1, all of the updates will be zero, expect for:

V((1.2)) = 04+.1(=5+09x0—0)=—-05

After trial 2, the updates will be:

V((1.1)) = 0+.1(0+0.9x —0.5—0) = —0.045
V((1.2)) —0.5+.1(0+0.9 x 0+ 0.5) = —0.45
V((2.2) = 0+.1(54+09x0-0)=0.5



Consider an MDP with states {-1 3. 2. 1.,{]}., where 4 is the starting state. In states & = 1, you can walk (W)
and T(k, W,k —1) = 1. In states k > 2, you can also jump (J) and T(k, J k—2)=T(k, J k) =1/2. State 0 is
a terminal state. The reward R(s, a, &') = (s — ")? for all (s, a,s'). Use a discount of v = 1/2.

(a) (3 pt) Compute V*(2).
Solution:
We compute the value function from state () to state 2.

VE0) =0

max{1+~V"(0). %{1 +9V(0)) + %ﬂ«'*m}

I{r!{ l]
= max{1. % + ?111*’“{1]}
= max{1, %%}
=1
e _~ e T
V*(2) = max{1+ V(1) 5 (4+ V7 (0)) + 57V (2)}
= max{g._ﬁ + ?111"“{2]}

= max{g__ﬁé} = %

where %% comes from suppesing that if % + %V"{ 1} were the maximum, then
1 1
Vi l)=-+-V71
(1)=5+7V"O)
3 1
V1l = =
4 (1) 2
14
V1) ===
(=33
and similarly for 2%
(b) (3 pt) Compute Q*(4. W)?
Solution:
1 1 11
VH3) =<4+ V71 gy U
(3) = 34+ 5V"(1) + 35V (3)
9 1
=-+ ="
L
=3
1 5
A W) =14+ =-V7(3) ==
Q(4.W)=1+3V(3) =3



A boy is being chased around the school yard by bullies and mmst choose whether to Fight or Run.

o There are three states:

— Ok ((3), where he is fine for the moment.

— Danger (D), where the bullies are right on his heels.

— Caught (), where the bullies catch up with him and administer noogies.
s He begins in state (3 75% of the time.

¢ He begins in state D 25% of the time.

The graph of the MDP is given here:

{a) (9 points) Fill out the table with the results of value iteration with a discount factor » = .9:

k JEO) JE(D) JE(C)
! 2 -1 -5
2

2.54 14 6958

JHO)=mazx(2+ 9((5*2) +(H*+—1)),2+.9((8+2) +(.2%-5))
= mar|2.45 2.5)
=2.M
JHD)=max(—1+.9((4%2)+ (3% —1) + (3 +—=5)), -1+ 9((.25* 2) + (.2 —1) + .55+ —1)))
= max(—1.9, —3.2050)
=—1.19
JHC) = max(—5 + 9T+ —1) + (3% =5)), =5+ 9((.3%2) + (.T +—=5))
= maxr(—G.95, —T.61)
= —0.94

(b) (5 points) At & = 2 with v = .9 what policy would you select? Is it necessarily true that this is
the optimal policy? At &k = 3 what palicy would you select? Is it necessarily true that this is the
optimal policy?



(b)

o From (J choose Fight.
¢ From [ choose Run.
¢ From (' choose Run.

Value iteration that has not converged is not guaranteed to find the optimal policy, so this policy
is not necessarily optimal.

(3 points) Suppose you have a robot trying to reach a goal and avold cliffs in a small grid world.
It can only mowe North, South, East, or West, but occasionally fails to mowe in the mtended
direction. If you were to model this using an MDP and were trying to solve it optimally, should
you use value iteration or policy iteration” Justify your answer in one sentence.

Generally, use wvalue iteration. We have many states and a few actions, and value iteration is
generally cheaper than policy iteration.

(3 points) Now suppose that the robot can teleport to any grid cell but the teleportation causes
it to land in neighboring grid cells near the target with scme probability. Of you were to model
this using an MDP and were trying to solve it optimally should you use value iteration or policy
iteration? Justify your answer in one sentence.

Now we should use policy iteration. Instead of 4 actions we now have an action for teleport-
ing to each different square of the grid. which is now alot of actions; policy iteration is better
when we have many many actions.



1. (16 pomts) Consider a system with two states and two actions. You perform actions and observe the

rewards and transitions listed below. Each step lists the current state, reward, action and resulting
transition as S§: R = ra; @ 8 — 5;. Perform (-learning using a learning rate of & = 0.5 and a
discount factor of o = (.5 for each step. The C)-table entries are initialized to zero.

5 R=-10 a,:5 — 8

| Q 5 Sa | X a,s) — Qla,s) +a R(s) +~':.-marxx[Q{r1',3']] —Qla.s))
ol I v Qlar.81) — 0 H05( =10 +05 _ max [0.0] —0)
] 1] 1] — _5
r]_ F=-10 32:151_5’152
| Q H 5 5 | (s, 5y) — 0 +0.5( — 10 405 max [0,0] —0)
iy -0 0 a’(s'=5z)
= -0
] —EI 'D
S: R=420 a;:58,— 5
Q| ! | 2| tHay, S) — 0 +0.5( +20 405 max [— 5.—0  -0)
a _E' 8-?5 af(='=5]
= &.75
iz -5 0
5 R=-10 32:51—?5|z
Q | 5 Sa
o - YT Qlaz, S) — —5 +0.5( — 10 +ﬂ.5ar£1:}g_=][8.?5,ﬂ] —(—5))
= —HJ312x
i -5.3124 1] 031Z

2. (4 points) What is the optimal policy at this point?

T{ |Sr1 }l = i

TI{I Sg]l = iy



Assume we are an agent in a 3x2 gridworld, as shown in the below figure. We start at the
bottom left node (1) and finish in the top right node (6). When node 6 is reached, we receive a
reward of +10 and return to the start for a new episode. On all other actions that not lead to
state 6. the reward is -1.

finish
4 =] 6
ﬂ?" 2 3

In each state we have four possible actions: up, down, left and right. For each action we
move deterministically in the specific direction on the grid. Assume that we cannot take actions
that bring us outside the grid.

The current estimates of ()(s,a) are given in the below table:

Q(l,up)=4 ()(L.right )=3
Q(2,up)=6 Q(2.left)=3 | Q(2.right)=8
Q(3.up)=9 Q(3.1eft)=7
Q(4,down)=2 ()(4d.right )=5
Q(5.down)=6 | Q(5.left)=5 | Q(5.right)=8

Question a (1p) Since we have full environmental knowledge, we can apply Bellman's equation
to further update the () estimates (ie. dynamic programming). We take a greedy policy and
~ = 0.9. For convenience, the (}specification of Bellman’s equation is given (where s" and o
denote the next state and action, respectively):

Q(s.a) =) Pu[RL, +7) w(s'.a)Q(s )] (1)

[
i}

Perform a single update of (Q(3.left).

Answer: Q(3left) = 1% [-1 +0.9% (1 *8)] =6.2



Note that becaunse the environment is deterministic. we only need to sum over one ' [which
has P{'}“ = 1), and because the policy is greedy, we only sum over one nert action o' {which has
probability =(2 right) = 1.

Question b {1p) We now no longer assume a model of the enviromment. The above table was
rather created through temporal difference learning, where we sample through the state-space.
Why is it not smart to take the greedy policy now (from the start)? What should be balanced
here?

Answer:

o ((Lhp) In the sampling-bosed dearning setting, the greedy policy may lead to suboptimal
results, since we do not ensure erploration. Maybe there are parts of the state-space with
even better rewards, but we just have not visited them yet.

o ((L5p) What we should balance is exploration versus exploitation. The greedy policy only
considers exploitation.

Question ¢ (1p) Why were we using (3values” What is the advantage of learning state-action
values ((}) compared to state values (V)7 (Hint: consider action selection)

Answer: The advantage is in the action selection. With Q-values, we can directly see the
value of each available action, and use these in e.g. e-greedy or softmar action selection. On
the contrary, when we only have Veestimates, we need to 1) do extra caleulations, and 2) have a
transition model (P, ), so at each decision moment we can calculate the Q(s,a) = %, PL[RI.+

wV(s)] for all available actions a. Especially when controlling a real-time system, your decisions
have to be fast.

Question d (1p) We decide to switch to softmax exploration:
(Q5.a)
Eb EQI =4

We are currently in node 2. Give the probability that we will move right on the next step (yvou
can write the equation with correct numeric values, but yon may skip calculating the resulting
decimal mumber).

(2)

wis,a) =

=
[

Answer: m(2,right) = 5=

Dont forget to sum over all available actions in the denominator, wncluding the one you are
calculating the probability for. I see some of you omitting the €% term in the denominator in this
erample. However, then the probability distribution over all actions will not sum up to 1.



