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Reasoning over Time or Space

Often, we want to reason about a sequence of observations

 Speech recognition

 Robot localization

 User attention

 Medical monitoring

Need to introduce time (or space) into our models



Markov Models

● Future states depend only on the current state not on the events that occurred before it

● Value of X at a given time is called the state

 Parameters: called transition probabilities or dynamics, specify how the state evolves 
over time (also, initial state probabilities)

 Stationarity assumption: transition probabilities the same at all times

X2X1 X3 X4



Joint Distribution of a Markov Model

 Joint distribution:

 More generally:

X2X1 X3 X4



Chain Rule and Markov Models

 From the chain rule, every joint distribution over                                 can be written as:

 Assuming that
                                                                   and

    results in the expression posited on the previous slide: 
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Chain Rule and Markov Models

 From the chain rule, every joint distribution over                                         can be written as:

 Assuming that for all t: 

    gives us the expression posited on the earlier slide: 

X2X1 X3 X4



Example Markov Chain: Weather

 States: X = {rain, sun}

rain sun

0.9

0.7

0.3

0.1

Two new ways of representing the same CPT

sun

rain

sun

rain

0.1

0.9

0.7

0.3

Xt-1 Xt P(Xt|Xt-1)

sun sun 0.9

sun rain 0.1

rain sun 0.3

rain rain 0.7

 Initial distribution: 1.0 sun

CPT P(Xt | Xt-1):



Quiz: Example Markov Chain: Weather

Initial distribution: 1.0 sun

What is the probability distribution after one step?
P(X2 = sun) = ?

rain sun

0.9

0.7

0.3

0.1



Example Markov Chain: Weather

Initial distribution: 1.0 sun

What is the probability distribution after one step?

rain sun

0.9

0.7

0.3

0.1



Mini-Forward Algorithm

Question: What’s P(X) on some day t?

Forward simulation
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Example Run of Mini-Forward Algorithm

 From initial observation of sun

 From initial observation of rain

 From yet another initial distribution P(X1):

P(X1) P(X2) P(X3) P(X)P(X4)

P(X1) P(X2) P(X3) P(X)P(X4)

P(X1) P(X)

…



 Stationary distribution:
 The distribution we end up with is called 

the stationary distribution           of the chain
 It satisfies

Stationary Distributions

 For most chains:
 Influence of the initial distribution gets 

less and less over time.
 The distribution we end up in is 

independent of the initial distribution



Quiz: Stationary Distributions

Question: What’s P(X) at time t = infinity?

X2X1 X3 X4

Xt-1 Xt P(Xt|Xt-1)

sun sun 0.9

sun rain 0.1

rain sun 0.3

rain rain 0.7



Quiz: Stationary Distributions

Question: What’s P(X) at time t = infinity?

X2X1 X3 X4

Xt-1 Xt P(Xt|Xt-1)

sun sun 0.9

sun rain 0.1

rain sun 0.3

rain rain 0.7

Also:



Probability	
  Recap	
  

§  Condi)onal	
  probability	
  

§  Product	
  rule	
  

§  Chain	
  rule	
  	
  
	
  
	
  
	
  

§  X,	
  Y	
  independent	
  if	
  and	
  only	
  if:	
  

§  X	
  and	
  Y	
  are	
  condi)onally	
  independent	
  given	
  Z	
  if	
  and	
  only	
  if:	
  



Hidden	
  Markov	
  Models	
  



Hidden	
  Markov	
  Models	
  

§  Markov	
  chains	
  not	
  so	
  useful	
  for	
  most	
  agents	
  
§  Need	
  observa)ons	
  to	
  update	
  your	
  beliefs	
  

§  Hidden	
  Markov	
  models	
  (HMMs)	
  
§  Underlying	
  Markov	
  chain	
  over	
  states	
  X	
  
§  You	
  observe	
  outputs	
  (effects)	
  at	
  each	
  )me	
  step	
  

X5 X2 

E1 

X1 X3 X4 

E2 E3 E4 E5 



Example:	
  Weather	
  HMM	
  

Rt	
   Rt+1	
   P(Rt+1|Rt)	
  

+r	
   +r	
   0.7	
  

+r	
   -­‐r	
   0.3	
  

-­‐r	
   +r	
   0.3	
  

-­‐r	
   -­‐r	
   0.7	
  

Umbrellat-­‐1	
  

Rt	
   Ut	
   P(Ut|Rt)	
  

+r	
   +u	
   0.9	
  

+r	
   -­‐u	
   0.1	
  

-­‐r	
   +u	
   0.2	
  

-­‐r	
   -­‐u	
   0.8	
  

Umbrellat	
   Umbrellat+1	
  

Raint-­‐1	
   Raint	
   Raint+1	
  

§  An	
  HMM	
  is	
  defined	
  by:	
  
§  Ini)al	
  distribu)on:	
  
§  Transi)ons:	
  
§  Emissions:	
  

P (Xt | Xt�1)
P (Et | Xt)

P (Xt | Xt�1)

P (Et | Xt)



Joint	
  Distribu)on	
  of	
  an	
  HMM	
  

§  Joint	
  distribu)on:	
  

§  More	
  generally:	
  

§  Ques)ons	
  to	
  be	
  resolved:	
  
§  Does	
  this	
  indeed	
  define	
  a	
  joint	
  distribu)on?	
  
§  Can	
  every	
  joint	
  distribu)on	
  be	
  factored	
  this	
  way,	
  or	
  are	
  we	
  making	
  some	
  assump)ons	
  about	
  the	
  
joint	
  distribu)on	
  by	
  using	
  this	
  factoriza)on?	
  

X5 X2 

E1 

X1 X3 

E2 E3 E5 

P (X1, E1, X2, E2, X3, E3) = P (X1)P (E1|X1)P (X2|X1)P (E2|X2)P (X3|X2)P (E3|X3)

P (X1, E1, . . . , XT , ET ) = P (X1)P (E1|X1)
TY

t=2

P (Xt|Xt�1)P (Et|Xt)



§  From	
  the	
  chain	
  rule,	
  every	
  joint	
  distribu)on	
  over	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  can	
  be	
  wriden	
  as:	
  

§  Assuming	
  that	
  
	
  	
  

	
  	
  	
  	
  	
  
gives	
  us	
  the	
  expression	
  posited	
  on	
  the	
  previous	
  slide:	
  	
  

X1, E1, X2, E2, X3, E3

P (X1, E1, X2, E2, X3, E3) =P (X1)P (E1|X1)P (X2|X1, E1)P (E2|X1, E1, X2)

P (X3|X1, E1, X2, E2)P (E3|X1, E1, X2, E2, X3)

P (X1, E1, X2, E2, X3, E3) = P (X1)P (E1|X1)P (X2|X1)P (E2|X2)P (X3|X2)P (E3|X3)

X2 

E1 

X1 X3 

E2 E3 

Chain	
  Rule	
  and	
  HMMs	
  

X2 ?? E1 | X1, E2 ?? X1, E1 | X2, X3 ?? X1, E1, E2 | X2, E3 ?? X1, E1, X2, E2 | X3



Chain	
  Rule	
  and	
  HMMs	
  

§  From	
  the	
  chain	
  rule,	
  every	
  joint	
  distribu)on	
  over	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  	
  can	
  be	
  wriden	
  as:	
  

§  Assuming	
  that	
  for	
  all	
  t:	
  	
  
§  State	
  independent	
  of	
  all	
  past	
  states	
  and	
  all	
  past	
  evidence	
  given	
  the	
  previous	
  state,	
  i.e.:	
  	
  

§  Evidence	
  is	
  independent	
  of	
  all	
  past	
  states	
  and	
  all	
  past	
  evidence	
  given	
  the	
  current	
  state,	
  i.e.:	
  
	
  	
  	
  	
  	
  
	
  

	
  	
  	
  	
  	
  	
  gives	
  us	
  the	
  expression	
  posited	
  on	
  the	
  earlier	
  slide:	
  	
  

X1, E1, . . . , XT , ET

P (X1, E1, . . . , XT , ET ) = P (X1)P (E1|X1)
TY

t=2

P (Xt|X1, E1, . . . , Xt�1, Et�1)P (Et|X1, E1, . . . , Xt�1, Et�1, Xt)

Xt ?? X1, E1, . . . , Xt�2, Et�2, Et�1 | Xt�1

X2 

E1 

X1 X3 

E2 E3 

Et ?? X1, E1, . . . , Xt�2, Et�2, Xt�1, Et�1 | Xt

P (X1, E1, . . . , XT , ET ) = P (X1)P (E1|X1)
TY

t=2

P (Xt|Xt�1)P (Et|Xt)



Real	
  HMM	
  Examples	
  

§  Speech	
  recogni)on	
  HMMs:	
  
§  Observa)ons	
  are	
  acous)c	
  signals	
  (con)nuous	
  valued)	
  
§  States	
  are	
  specific	
  posi)ons	
  in	
  specific	
  words	
  (so,	
  tens	
  of	
  thousands)	
  

§  Machine	
  transla)on	
  HMMs:	
  
§  Observa)ons	
  are	
  words	
  (tens	
  of	
  thousands)	
  
§  States	
  are	
  transla)on	
  op)ons	
  

§  Robot	
  tracking:	
  
§  Observa)ons	
  are	
  range	
  readings	
  (con)nuous)	
  
§  States	
  are	
  posi)ons	
  on	
  a	
  map	
  (con)nuous)	
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Inference in Temporal Models

Filtering: This is the task of computing the belief state—the 
posterior distribution over the most recent state—given all 
evidence to date. P(X

t
 | e

1:t
).

Umbrella example?

Prediction: This is the task of computing the posterior distribution 
over the future state, given all evidence to date. P(X

t+k
 | e

1:t
) for 

some k>0. Example?

Smoothing: This is the task of computing the posterior distribution 
over a past state, given all evidence up to the present. That is, we 
wish to compute P(X

k
 | e

1:t
) for 0 ≤ k < t.

Most likely explanation: Given a sequence of observations, we 
might wish to find the sequence of states that is most likely to 
have generated those observations. argmax

x1:t
 P(x

1:t
 | e

1:t
).



Filtering	
  /	
  Monitoring	
  

§  Filtering,	
  or	
  monitoring,	
  is	
  the	
  task	
  of	
  tracking	
  the	
  distribu)on	
  
Bt(X)	
  =	
  Pt(Xt	
  |	
  e1,	
  …,	
  et)	
  (the	
  belief	
  state)	
  over	
  )me	
  

§  We	
  start	
  with	
  B1(X)	
  in	
  an	
  ini)al	
  selng,	
  usually	
  uniform	
  

§  As	
  )me	
  passes,	
  or	
  we	
  get	
  observa)ons,	
  we	
  update	
  B(X)	
  

§  The	
  Kalman	
  filter	
  was	
  invented	
  in	
  the	
  60’s	
  and	
  first	
  
implemented	
  as	
  a	
  method	
  of	
  trajectory	
  es)ma)on	
  for	
  the	
  
Apollo	
  program	
  



Example:	
  Robot	
  Localiza)on	
  

t=0	
  
Sensor	
  model:	
  can	
  read	
  in	
  which	
  direc)ons	
  there	
  is	
  a	
  wall,	
  

never	
  more	
  than	
  1	
  mistake	
  
Mo)on	
  model:	
  may	
  not	
  execute	
  ac)on	
  with	
  small	
  prob.	
  

1 0 Prob 

Example from 
Michael Pfeiffer 



Example:	
  Robot	
  Localiza)on	
  

t=1	
  
Lighter	
  grey:	
  was	
  possible	
  to	
  get	
  the	
  reading,	
  but	
  less	
  likely	
  b/c	
  

required	
  1	
  mistake	
  

1 0 Prob 



Example:	
  Robot	
  Localiza)on	
  

t=2	
  

1 0 Prob 



Example:	
  Robot	
  Localiza)on	
  

t=3	
  

1 0 Prob 



Example:	
  Robot	
  Localiza)on	
  

t=4	
  

1 0 Prob 



Example:	
  Robot	
  Localiza)on	
  

t=5	
  

1 0 Prob 



Time and uncertainty

The world changes; we need to track and predict it

Diabetes management vs vehicle diagnosis

Basic idea: copy state and evidence variables for each time step

Xt = set of unobservable state variables at time t
e.g., BloodSugart, StomachContentst, etc.

Et = set of observable evidence variables at time t
e.g., MeasuredBloodSugart, PulseRatet, FoodEatent

This assumes discrete time; step size depends on problem

Notation: Xa:b = Xa,Xa+1, . . . ,Xb−1,Xb

Chapter 15, Sections 1–5 3



Markov processes (Markov chains)

Construct a Bayes net from these variables: parents?

Markov assumption: Xt depends on bounded subset of X0:t−1

First-order Markov process: P(Xt|X0:t−1) = P(Xt|Xt−1)
Second-order Markov process: P(Xt|X0:t−1) = P(Xt|Xt−2,Xt−1)

X t −1 X tX t −2 X t +1 X t +2

X t −1 X tX t −2 X t +1 X t +2First−order

Second−order

Sensor Markov assumption: P(Et|X0:t,E0:t−1) = P(Et|Xt)

Stationary process: transition model P(Xt|Xt−1) and
sensor model P(Et|Xt) fixed for all t

Chapter 15, Sections 1–5 4



Example

tRain

tUmbrella

Raint −1

Umbrellat −1

Raint +1

Umbrellat +1

Rt −1 tP(R  )

0.3f
0.7t

tR tP(U  )

0.9t
0.2f

First-order Markov assumption not exactly true in real world!

Possible fixes:
1. Increase order of Markov process
2. Augment state, e.g., add Tempt, Pressuret

Example: robot motion.
Augment position and velocity with Batteryt

Chapter 15, Sections 1–5 5



Inference tasks

Filtering: P(Xt|e1:t)
belief state—input to the decision process of a rational agent

Prediction: P(Xt+k|e1:t) for k > 0
evaluation of possible action sequences;
like filtering without the evidence

Smoothing: P(Xk|e1:t) for 0 ≤ k < t
better estimate of past states, essential for learning

Most likely explanation: arg maxx1:t P (x1:t|e1:t)
speech recognition, decoding with a noisy channel

Chapter 15, Sections 1–5 6



Filtering

Aim: devise a recursive state estimation algorithm:

P(Xt+1|e1:t+1) = f(et+1,P(Xt|e1:t))

P(Xt+1|e1:t+1) = P(Xt+1|e1:t, et+1)

= αP(et+1|Xt+1, e1:t)P(Xt+1|e1:t)

= αP(et+1|Xt+1)P(Xt+1|e1:t)

I.e., prediction + estimation. Prediction by summing out Xt:

P(Xt+1|e1:t+1) = αP(et+1|Xt+1)ΣxtP(Xt+1|xt, e1:t)P (xt|e1:t)

= αP(et+1|Xt+1)ΣxtP(Xt+1|xt)P (xt|e1:t)

f1:t+1 = Forward(f1:t, et+1) where f1:t =P(Xt|e1:t)
Time and space constant (independent of t)

Chapter 15, Sections 1–5 7



Filtering example

Rain1

Umbrella1

Rain2

Umbrella2

Rain0

0.818
0.182

0.627
0.373

0.883
0.117

True
False

0.500
0.500

0.500
0.500

Chapter 15, Sections 1–5 8


